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ABSTRACT. A sensitivity methodology for nonlinear delay systems arising in one class of cellular HIV infection models is pre-

sented. Theoretical foundations for a typical sensitivity investigation and illustrative computations are given.

1. INTRODUCTION

1.1. Background. Over the past several years, the use of mathematical models as an aid in understanding features of
HIV and other virus infection dynamics has been substantial. Several papers published in the mid nineties provided strong
evidence for the high rate of HIV-1 replication and clearance in infected individuals [16, 37, 51]. By the end of the decade,
the general consensus was thativo, on the order ofl0!° virions are assembled and cleared every day [25, 35, 39].

In many of these papers, the viral clearance tahas identified by modeling the disease pathogenesis with a system of
deterministic differential equations, numerically calculating a solution, and then fitting the results with experimental data
(using a nonlinear least squares (NLS) approach), e.g., see [35, 37, 39]. The existence of such a high replication/clearanc
rate implies a high mutation rate, thus indicating that pharmacological mono-therapy will ultimately fail, since the virus can
rapidly manifest a resistance to any one drug. More importantly, this knowledge directly contributed to the current practice
of simultaneously administering multiple drugs to HIV positive individuals in an effort to counteract the high mutation rate
of the virus.

Following its success in helping to identify this significant feature of the HIV pathogenesis, the use of mathematical
modeling and parameter identification in the study of HIV experienced a dramatic increase. In particular, in the wake of
the publication of [37], there were papers covering everything from additional and/or alternative compartment formulations
[7, 21, 27, 28, 32, 38, 41, 52, 56, 57] to arguments for and against the use of delay differential equations in modeling the
eclipse phas§l2, 13, 15, 24, 26, 29, 30, 31] (including those that addressed the solution stability [30, 31, 44]). Moreover,
in the context of delay equations, many of these papers focused heavily on the inter-relationship between the parameter
describing the drug efficaay, the length of the eclipse phasgthe infected T-cell death rate and the virion clearance rate

c[12, 15, 24, 26, 29, 30, 31, 44]. The purpose of this paper is to illustrate our approach, which allows one to develop new
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2 A PARAMETER SENSITIVITY METHODOLOGY IN THE CONTEXT OF HIV DELAY EQUATION MODELS

insights into HIV pathogenesis by utilizing a mathematical tool not typically associated with conventional NLS techniques.
Indeed, there is a precedence for this approach, as is evidenced by previous papers within the HIV modeling literature
that make use of stochastic analysis and inference [18, 45, 46, 49, 54, 58], control theory [19, 53], and nonlinear analysis
[14, 50]. Note that the above survey is not intended to be comprehensive, as there already exist thorough reviews of the field
presented in [33, 34, 36].

Foranysystem of differential equations designed to model real world phenomena, whether it be biological, chemical, or
physical, a common goal is to understand the manner in which the system’s constitutive parameters influence its solution.
These parameters (suchd@above) are designed to correspond to aspects of the phenomena under investigation (e.g., HIV
pathogenesis), and thus it is desirable to predict how changes in the parameters will affect the solution. Indeed, there are
several papers in the HIV modeling field which focus heavily on the topic (good examples include [41, 43]). One way to
address this question is to perfornsensitivity analysisa mathematical tool developed in the context of modern control
theory and commonly used in mechanical, aerospace, electrical, and structural engineering. The precursor of this technique
can be traced back to an 1833 electrostatics experiment designed to measure the inductance of certain metals [8]. However,
significant activity in this area only arose in the middle part of this century, concomitant with the development of modern
control theory in the late 1930’s. In our analysis, we will employgemirelativesensitivity function, though there are other
possibilities, such as tHegarithmicsensitivity function advocated by Bode in his book on electrical network analysis [5].

We direct the interested reader to the following introductory texts [10, 11], advanced texts [20, 47, 48, 55], and surveys of
the field [1, 9]. We also note that the sensitivity analysis described in this paper should not be confused with the statistical

technique of the same name and based on Latin Hypercube Sampling [4, 17].

1.2. Approach. The first step in the sensitivity analysis is to derive $basitivity equationby formally taking deivatives
(with respect to a parameter of interest) on both sides of the original equation(s). The solution to this new system (assuming
for the moment it is well-posed) contains information regarding the sensitivity of the original system to perturbations in
the chosen parameter (around scengriori fixed value of that parameter). Hereafter we will refer to the solution to the
sensitivity equations assensitivity function

To illustrate the sensitivity procedure, we will examine an HIV population system with compartments described in [3],
summarized in Table 1, and denoted by the veetor (V,A,C,T)7. In this case (see [3] for details), our system of

distributed delay differential equations is

i(t) = L(z(t),z) + fi(z()) + fo(t)  for0 <t <ty
(z(0),z9) = (®(0),®) € R* x €(~r,0;R?),

(1.1)
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wherer andt are finite,z; denotes the functiof — z(t + 6), 8 € [—r,0], and for(n, ¢) € R* x € (—r,0; R*),

—c 0 no 0
0 7r,—90a 0 0 0
L(n: ¢) = n +na [6(172)] (4,4) / ¢(0)dP1 (0)
0 0 Ty — 60 0 -r
i 0 0 0 Ty — Oy |

0
+1(Be2)] w0 — B4 /_ _9(0)aP:(0),

—PMns
—5(23: ni)N2 + Pina
filn) = ? A ,
_J(ZiZQ 771')773
| =0 ) — s |
fot) = [0,0,0,8]" ,0<t<ty.

Here the compartments in and the parameters (including the probability distributidhs P») given in the vectog =

(¢, 7y, Tusna,nc, 6,04, 00, 04,7, D, P1, P2, S)T are all described in [3]. A full and thorough sensitivity analysis could
include not only derivatives with respect to the scalar parameters {eog4 ), but also Fréchet derivatives with respect

to the delay distributions (e.gb; or P,). The following sections include discussions regarding the well-posedness of the

sensitivity equations and an example numerical simulation as well as an interpretation of the results.

Notation Description

v Infectious viral population
A Acutely infected cells

c Chronically infected cells
T Uninfected or target cells

TABLE 1. in vitro model compartments

2. THEORY

For those interested in the mathematical considerations, this section contains theoretical foundations for the well-
posedness of the sensitivity equations. While the results presented here are important because they legitimize our stud
of these equations, understanding the techniques in the proofs are not essential to appreciating the simulations and resul
presented in Section 3. Therefore, those readers who wish to skip the details in this section may do so with little loss in
understanding the formal aspects of sensitivity analyses.

For our illustrative discussions, we will only consider distributidhs P, that are both differentiable and parameteriz-
able by a meap and a standard deviatien(i.e., fori = 1,2, p;(8) = & P;(6) andP;(0) = P;(8; s, 0;) for6 € [—r,0)).
Moreover, we further assume that the resulting densitieare ¢! in u; ando;, respectively. To illustrate a sensitivity

analysis, let us fix the forms of the distributioRs, P» and consider fot € [—r, t ], the derivative ofc(¢; 111) with respect
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to 1 (wherep, is the parameter corresponding to the meap f If we let (n,¢) € R* x € (—r,0;R*), t € [0,t¢],
w1 > 0, then from results established in [6], we note th&tt, n, ¢, 1) = L(n, ;1) + f1(n) + f2(t) is€Lint, n, ¢, and
11 under smoothness assumptions (detailed in [3JJAnL, f1, andfs. For our specific case, to prove that the derivative

of x with respect tqu; exists and is continuous inwe will make use of the following lemma.

Lemma 2.1. There exists a solution to

g1(x(t; pa); (1) + g2(pa;ye) + g3(@e (1), pas 1) for0 <t <ty

(\I’(O), \II) € ]R4 X %(_T,O;R4)7

y(t)
(¥(0),0) =

2.1)

for z(t; 1) the solution to (1.1), and where far £ € R, 5, ( € R*, ¢,4 € € (—r,0; RY),

g1 (77) C) = MT[C )
0
g2(p;7p) = na [5(1,2)] (4,4) / Y(0)p1(0; p, 01)db
0
+7([5(3,2)](474) - [5(2,2)](474))/ Y (0)p2(8; p2, 02)db
0 0
g3(d, ;€)= na [5(1,2)](4’4) / ¢(9)(8—u1p1 (05 1,01))(&)db,
and where
—C— Py 0 ne —pm
- s Te— 04— 6(2m2 + n3 + M4) —02 —0m2 + pm
n
0 —0ms3 ry — 0 — (2 + 2n3 + M) —0ms3
—D —0n4 — 074 Tu = 0u — 0(12 + 13+ 204) —pm1 |

Proof: On the right side of (2.1), the functiapy + g + g3 satisfies both the differentiability condition (Lemma 4.1)
and the global Lipschitz condition (Lemma 4.2) from [3]. Following the reasoning in the proof of Theorem 4.5 in the same
reference, by defining a convergent sequence of successive approximations, it can then easily be shown that a solution exists

and is unique.

Remark2.2 Note that Lemma 2.1 guarantees the existence of a solution to a system of equationgevitirainitial
condition®. Recall that in equation (1.1), the initial conditiénis independent afi ; and thus the next step will be to argue

that system (2.1) combined with the trivial initial conditi®= 0 comprises the sensitivity equations.

Theorem 2.3. For the solutionz of (1.1),z has a derivative with respect to the parameter and foru; = p > 0, this

derivativev(t) = a%lx(t;u) satisfies (2.1) with the initial conditiofi (0), ¥) = (0,0) € R* x € (-7, 0; R*).

Proof: To prove the existence of a deative of z with respect to the parametgr;, we fix u; atp > 0, lete € Rbe a

perturbation of:, and for allt € [—r,t], define

h(t, p,€) = z(t;p +e) — z(t; ).
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The overall structure of the proof is thus to show that

0 . h(t,pe)
= 2(t:n) = lim —2 )
8/1,1 1’( ’ 'U) \E}§O £

exists and is continuous fore [—r, ¢ ;]. We begin by consideriny

h(t, p,e) = /0{f(s,w(sw+6),ws(u+6),u+6)—f(s,w(sw),ws(u),u)}ds

=[Gt o)+ o) ) = Floalsiasu+ 2+ )
+Z (s, x(s;p), ws(p+€), p+ ) — F(s,x(sp), ws (1), 1+ €)

+Z (s, x(s; ), ws (), 1 +€) — F (s, 2(s5 1), ws (1), )} ds .

According to the Mean Value Theorem [23], we have

h(t,p,e) = /0/0{Dzﬂ(s,w(sw)+S’h(s,u,s),ws(u+6),u+6)(h(s,u,6))
+Dy, F (s,2(s; 1), x5 (1) + 8"hs (1, €), o + ) (hs(p, €))
+Dy, F (5,255 1), 25 (1), o+ 8'¢) (€) } ds'ds,

whereD,.#, D,,.#, D,,.# are the Fréchet derivatives of with respect to its second, third, and fourth arguments

respectively. SinceZ is €' in all its arguments, we then know that there exists linear funcﬂbb§€, A2

s',er

A% _ (each

parameterized by’ ande) such that
t 1
W) = [ [ Dm0, s, 2) + A (B 2)
+Dm§(3aw(Saﬂ)aws(N)aﬂ)(hs(ﬂag)) + Az’,e(hs(uﬂg))

+D,, F (5,0 (55 10), w5 (1), 1) () + AL () } ds'ds,

where|AL [, A2 _|,|A% | = Ouniformlyins’ as|e| — 0. Thus fors € [0,#], v,€ € R, 7, € RY, 6,4 € €(—7,0;R?),

andg, g2, g3 as defined in Lemma 2.1,

Dl‘y(sanad)vy)(C) = 91(7770
Dmcg‘\(sana@’/)@ﬁ) = g2(V§1/))

Dmﬂ(S,??;@V)(f) = g3(¢7”5£)'

Then the equation fai is
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/ / {AL _(h(s,p,2)) + A% (hs(p,8)) + A2 (e)} ds'ds .
Moreover, sincey, g2, g3 are all linear in their last arguments, the equatiorvfaan be used to obtain

T 1
< mas / {gl<x<s;u>;->+/ AL |as
TE[t—r,t] ’

: /|A Lds'| e (s )

g3(ws(p /|A | ds’ |6|}ds,

where||-|| is theco-norm on[¢ — r, t]. Thus for constant&’,, K> > 0, we know that

(s, ;)]

_'_

t
(ol < K / lha(s )| ds + Katy Je] |

and a simple application of Gronwall’s inequality implies that

(22) Ihe(u )l < Kaltsllelexp(Kuty),

which will be useful in the next step.

Now, if we divide both sides of the equation fbby ¢ so that

M [ oot M) g D) o )
+/0t /01 {A;,E(h(s,gu,s))+A§,7€(hs(g,8))+A§,7€(§)}d81dsy

we note that the form of the integrand is strikingly similar to the right side of the equation in (2.1). For equation (2.1),

we denote the solution generated using= p and initial condition(¥(0), ¥) = (0,0) € R* x € (—r,0; R*) aswv(t) for
t € [—r,ts]. Moreover, we claim that this solutianis equal to the limit ofu /< as|e| — 0.
By Lemma 2.1, we know that exists and is continuous fere [—r,t]. Clearlyv andh/e are identically zero for

t € [-r,0] foralle > 0, and thus we consider fore [0, ¢ f]

v(t)—M < Hvt—M
€ N 00
< x| [ oGt ioe) - 22D 4 s, - 29
pastoat it = ) Jas = [ [ ol M
A2 E<"s(§’5)> +A§,,E<§>} drds
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< o L[ lntots s ol oy - 12222
oo = 22 g0, 110
O R (S G TN LA R v v
< [ ol 05 1 + st ~>|>‘vs—M ds+
A R e P IO O SRR 7

By equation (2.2), we know that

h , € K,
A /{qu (5, 1); )] + 1o (1 e
1)
+/0 /0 K2|tf|exp(K1tf){|A§,’E|+|A§,’E|}H+|A§,’E||1|ds'ds
S hs(p’)E) dS
6 o0

1
+tf/ {Kztf eXp(Kltf) {|A§775| + |A§’,E|} + |A§/7E|}d8l
0

t
hs,
§K1/U hs(p,€)
0

whereKs(ty) = ty max{Kstyexp(Kits), 1}. By Gronwall's inequality, we then have that

t
ds + Kg(tf)/ (AL | +]A% | +]A% .|} ds',
e’} 0

h(t, p,€)

1
. < K3(tf)/ {JAL | +|A% | +]AL (|} ds'e" s
0

‘v(t) -

Since|AL _|,|AZ _|,|A% .| — 0 uniformly in s" as|e| — 0, we can then conclude that forc [—r,¢s], h/e — v as
le| — 0. Therefore, the partial derivative afwith respect tqu; (evaluated at;; = p > 0) exists and satisfies (2.1) with

the initial condition(¥(0), ¥) = (0,0) € R* x ¢’ (—r,0; R*), which completes the proof.

Remark2.4. The line of reasoning presented here in Lemma 2.1 and Theorem 2.3 concerns the existence and continuity
(in t) of the derivative of esolution to (1.1) with respect to the specific parameter Similar arguments (with minimal
changes t@;) establish the existence and continuity fjrof derivatives with respect to,, o1, ando,. For the parameters

that appear in (1.1) as linear coefficients,andg- are slightly altered (dependent upon the parameter under consideration),
while g3 = 0. However, these differences do not change the conclusion that thiatilerof thesolutionz(t) (with respect

to any parameter appearing on the right side of (1.1)) exists and is continuous in time. One can also establish differentiability
of solutions with respect to discrete delays (i.e., whtror P, is a Dirac measure) and well-posedness of the appropriate
sensitivity equations. The arguments, while in the spirit of those given above, are however somewhat more tedious and will

not be given here.
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3. ANALYSIS AND RESULTS

In this section we examine some applications of the theory developed in Section 2. All of the simulations presented in
this section were done using Matlab software originally developed in [3] for the purpose of simulating systems of Abstract
Evolution Equations (AEE’s) that are linear in the delay (e.g., system (1.1)). As can be inferred from equation (2.1), in order
to solve sensitivity equations, one needs the solutiarf the original system. Therefore, we use the calculated solution

from [3] with parameterg* € Q.4 (the space of admissible parameters) identified by minimizing the cost

10
(3.1) T@) = 16| S (K (i) - K2,

i=1

overq € Q,q and whereY = {)A(i} is the data from [40] taken at timg$;}. However, we are not able to compute the

exact solutiorr and thus (as described in [3, 6]) we minimize

10
Z(XN(ti; q) - Xi)?,

i=1

1

3.2) IV (q) = 0

wherezN = (VN AN CN TN)is an appropriate approximation toand N is an integer describing the accuracy of the
numerical simulation such thit x ., #¥ (t; ¢) = x(¢; ¢). The numerical scheme (also described in [3, 6]) is such that as
N — o0, a minimizerg™V* to (8) converges tg*, a minimizer to (8). Both the experimental results and the numerical best

fit solutionz? (using parameterg™* from Table 2) are depicted in Figure 3.1.

Parameter  Value Units
na 0.112 hours™!
ne 0.011 hours™!

v 9E — 4 hours™!
da 0.078 hours™!
dc 0.025 hours™!
Ou 0.017 hours™!
) 1E —12 (cell hours)?
P 1.3E —6 (cell hoursy!
1 —22.8 hours
2 —26 hours

TABLE 2. Optimalin vitro model parameter values.

By Theorem 2.3, we can legitimately consider the derivative of both sides of (1.1) with respect to any appropriate

parameter. We first consider the derivativer¢f) with respect tqu; atp, = p

ai(tip) = =Lt p),ze(p); p) + g fi(z(tp) + 7= f(8)  for0 <t <ty
(3.3)
@O0, mo(n) = F(2(0),®) € R x €(—r,0;RY).
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If we denotev(t) = %x(t; u) (for some specific value gf; = p > 0), we obtain the sensitivity equations

o(t)

g1 (z(t; w);0(t) + g2 (s ve) + gs(xe(p), ;1) for0 <t <ty
(3.4)

(v(0),v0) = (0,0) € Rt x €(—r,0;RY),

wheregy, g2, g3 are as defined in Lemma 2.1. As before, due to the complexity of the right side of (3.4), we cannot
solve exactly for the solutiom(¢). Moreover, we do not have which appears in the termg, andgs; we only have
an approximatiorz™ to z. Therefore, we must propose a viable numerical scheme to calculate an approximatton
solutions of (3.4), withe replaced by: N such thalim y o vV = v.

Hence we considar” an approximate solution to (3.4) with= 2" in the coefficients. This is a linear nonautonomous

system of the form

oN(t) = NN ) + g2 (v]N) + ga(zl)  for0 <t <ty
(3.5)
(UN(O),’U(J)V) = (0,0) e R* x €(-r,0;R*),

whereN is fixed, 2" is given, andZY mapsR* x € (-r,0; R*) to R*. Note that this is a special case of the systems
treated in [3], where existence and uniqueness are guaranteed. To obtain convergeMd® of (the unique solution to
(3.4)), we turn to [2]. A straightforward extension of the theory presented in [2] to treat nonautonomous linear systems such
as (3.5) will yield, (under the approximation scheme described in [3]), the desired convergence.

If we were to plot simulations of (3.4) (or actually, the approximate solutions defined by (3.5)), interpretations of these
plots would suggest specific effects that changgs,imvould have on the solution. Moreover, if we were to also perform

the analogous derivation for the infection ratea plot of that sensitivity function would depict the effect that changes in

" ‘107 Total Cells vs. Time

— AEE Optimized Solution
® Experimental Data

Days

FIGURE 3.1. Data from [40] and best fit simulatior’¥ of (1.1).
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would have one. Sincep; andp differ in their units, the sensitivity functions far; andp would also have different units,

thus rendering any comparison meaningless. We turn to the sensitivity analysis literature to resolve this issue. To enable
a comparison of the effects that parameters with different units have on the solution, we simply multiply by the parameter
under consideration, e.d.go—1 (t; 1), 502 (t; 1), 5oz 3 (t; 1), 5o=wa(t; 1)) - p. This form of the sensitivity function is

known as thesemirelativeor semilogarithmior unnormalizedsensitivity function [10, 11]. Moreover, this form is actually

the differential ofx with respect tqu; atp in the directionu

Dyt )] = (5 =ilti ) - 1

fori = 1,2, 3, 4. With this weighting, we now have the tools to rank the parameters with regard to their influence over the
solution.

Figure 3.2 depicts the approximatiof of the solutiorv to the (3.4) (aj. = —22.8), with each compartment multiplied
by . It is important to realize that while the y-axis in Figure 3.2 has units of cells or virions respectively, it should still
be thought of as a plot reflecting changes in the state with respect to changes im other words, we interpret the
upper-left plot of Figure 3.2 to suggest that for a (positive) change in the mean delay, the virion comp&itwiéiriie
dramatically smaller just before day 10 and then larger around day 12 (relafiig;te-22.8)). Likewise for a change in
11, the acutely infected cell compartme#itwill be slightly smaller around day 9 and dramatically larger around day 10
(relative toA(t; —22.8)). All the plots depicted in Figure 3.2 suggest that there will be dramatic changes in the solution for
changes ins;, and indeed Figure 3.3 supports this claim (as well as the specific predictions suggested by the interpretation
of Figure 3.2). For this simulation, it is important to note that there is practically no indication that the selutibexhibit
any sensitive tq:; until around days. In other words, for simulations on a short time interval (ites, [—r, 120] hours),
one could easily conclude that the solutiors insensitive tq.; (in the neighborhood gf; = © = —22.8 hours).

As another example, let us consider the solution parameterized with respect to the infectipn.eate(t) = z(¢; p).

Thus the derivative of (1.1) with respectj@tp = 1.3 x 10 6 is

ditp) = LHL6D), (D) + 45 fi(et0), ) + () for0 <t <t
(3.6)

7 (@(0,5),20(5)) = 4 (2(0),®) € R* x €(~r,0;R).

As mentioned in the last part of Section 2, the sensitivity equations with respect to different parameters will be slightly
different than (3.4), but unique solutions still exist and are continuous (for each system of sensitivity equations). Figures 3.5
and 3.4 depict the semirelative sensitivity functionsf@ndpu o, respectively . A comparison of the scales on the vertical

axis in Figure 3.2 versus the axis in Figures 3.5 and 3.4 suggests that chapgdsaive a more significant influence in the
solutionz than changes ip» or p (and in one of the compartments by over four orders of magnitude). This result coincides

nicely with one of the primary conclusions from [3], in which we concluded that when fitting the data, adding the second
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delay between than acute and chronic infection was not as significant as inclusion of the delay between viral infection and

viral production.
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FIGURE 3.4. Simulation of semirelative sensitivity solution with respect to the infectionpdits p =
1.3 x 10°.

Now that we have established the framework for calculating semirelative sensitivity functions, let us consider how to
rank the influence that changes in the individual parameters have upon the soluBitaarly, there are many options, but
for simplicity, we will rank the parameters according to the magnitude oftheorm, e.g., for the virion compartment and

the sensitivity with respect b4, we consider

max |D;s, V(t;0.0776) [0.0776]| .
te[0,ty]

To illustrate our reasoning, we will focus on just the virion compartméndf the parameters over which we performed our

NLS in [3], the chosen metric was largest for the parameigrsi 4, d4, andd,,. Figure 3.6 depicts (for the compartment

V), the absolute values of the semirelative sensitivity functions with respect,ta 4, 64, andd,,, fort € [8.5,15] (the

domain where there is the most activity in the sensitivity functions). The interpretation of this figure strongly suggests that
04 andn 4 have the strongest influence over the solution in the virion compartment (in the ckeaenm). Therefore, for

the use of equation (1.1) (as a model to simulate HIV pathogenesis), both the viral production rate and the death rate for
acutely infected cellsi(4 andé 4 respectively) should be given top priority when choosing which parameters to determine

with a high degree of accuracy. In other words, these parameters play an important role in the model and obtaining good
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values for them is more important to the system response than good values for other parameters to which solutions are les

sensitive.
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FIGURE 3.5. Simulation of semirelative sensitivity solution with respect to the mean delay between acute
and chronic infectiom, for i, = —26.
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FIGURE 3.6. Absolute value of simulations of semirelative sensitivity solutions for several parameters
(V compartment only).
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4. CONCLUDING REMARKS

As discussed in Section 1.1, the taking of a derivative (with respect to parameters) of the equations governing a system
is not a new idea and indeed has been around (in some form) for at least 170 years. Within control theory and engineering
applied to physical systems, the forms of the fundamental mathematical models often are, for the most part, relatively well
established and not so open to debate. For example, in some investigations, it may not be fruitful to question the significance
of the viscosity parameter in the Navier-Stokes equations (although sensitivity of flow patterns to viscosity is sometimes very
important, see [42]). However, the constitutive parameters and forms of the mathematical models employed in the biological
sciences are frequently not as well agreed upon, and indeed (as is evidenced by the literature) open to considerable debate.
Since the current approach to sensitivity was originally developed in the context of control theory, the cited literature is
(understandably) biased toward that field; a considerable proportion of the papers are devoted to analyzing the sensitivity
of transfer functions and eigenvalues. Thus the application of mathematically rigorous sensitivity analyses to dynamical
systems designed to model biological phenomena does not seem to be common practice. Indeed, many sensitivity studies
often involve copious simulations. As such, there are many possibilities that have not been fully examined.

In the analysis presented in this paper, we only considered first derivatives of the components. In theory, we could
have examined derivatives with respect to multiple parameg% (joint sensitivities), an analysis of which could be
used to ascertain the independent identifiability of parameters. We could have also taken a derivative with respect to the
initial conditions, which (as is intuitive) would suggest the influence of the initial conditions over the solution (this can be
extremely useful in certain biological investigations). Finally, we could have considered thatiderof theleast squares
functional (3.1)with respect to a parameter (as was explored in [22]), which could then be used as part of a jacobian in an
optimization algorithm (as part of a parameter estimation scheme).

The process of taking the derivative of a system with respect to a parameter is usually not an exceedingly challenging task
and it is important to remember that the sensitivity function only reveals the local behavior (since itiagwdgaround
the fixed parameter value. However, this idea can yield useful insights into the solution of complex systems (even those
with nonlinearities and delays) such as (1.1). Effectively, the technique of using simulation sensitivity functions presented
in this paper is a more efficient (and mathematically rigorous) way to attain insight into a system than manually adjusting a

parameter and observing the effect on the solution through massive simulation efforts.
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